JOURNAL OF APPROXIMATION THEORY 64, 162-180 (1991)

Best Approximations to Random Variables
Based on Trimming Procedures™

ALFONSO GORDALIZA

Department of Statistics, University of Valladolid, 47002 Valladolid, Spain
Communicated by Charles K. Chui
Received August 1, 1989; revised November 17, 1989

Let X be a R"-valued random variable; for a class of suitable nondecreasing func-
tions @: RT - R* and ae (0, 1), a family of best approximations to X based on
trimming procedures is obtained. Existence and a characterization which relates the
best approximations and the best trimming sets are obtained. The problem of
uniqueness is studied for real valued random variables. © 1991 Academic Press, Inc.

1. INTRODUCTION

Procedures based on trimming a data set and subsequently choosing a
best approximation of the remaining set are well known in several branches
of mathematics. Perhaps the best known of such procedures is the trimmed
mean, of frequent use in statistics and obligatory reference in robust
statistics criteria.

However, the problem arises from the arbitrariness which appears in the
way one selects the proportion to be trimmed in the left and right sides of
the data. On the other hand we take also into account the difficulty in
generalizing this procedure to random variables valued in R* where there
do not exist preferential directions for removing data.

This paper deals with obtaining best approximations to random
variables based on trimming procedures which both do not depend on
arbitrary decisions and can be defined directly for R*-valued r.v.

The paper will be developed in the general framework of a R*-valued
random variable X defined on a probability space (2, o, P). For a suitable
nondecreasing function @: R* — R and for o€ (0, 1) we look for a Borel
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set By with P(X e By) = 1 —a and a value m, e R” such that the discrepancy
over B, between X and my, given by

1
T | a0 X ol .

becomes as small as possible. To be more precise: We try to obtain B, and
m, satisfying

1 N
5T | 1) S1X = mal) 4P

= inf inf —L-le(X) OIX —m|)dP, (L.1)

Bep PuB)>1-a mer P (B)

where || || denotes the usual norm on R”, [, denotes the indicator set func-
tion of 4, and P, is the probability measure induced by X on (R”, B").
(Similar techmiques are empioyed by Rousseeuw [3] and Roussecuw
and Yohai [4] for trimming data sets in the context of estimation with
high breakdown point. Nevertheless the kind of results obtained is very
different.}

Note that for fixed B,e "

1 ~
550 J I5,(X) ®(| X = ml)) dP:f ®(Ix —ml))dP(-/B,)  (1.2)

and then, the solutions of

! g |
PX(BO)JIBO(X) <15(||X-mo|\)d1’=m1?£” mj 15 (X) (| X ~m]|) dP

are the well known @-means of P,(-/B,). (See Herrndorf [2] and Brons ez
al. [17] for references of @-means, p-means, and other generalized means.)

If B, and m, are a solution of (1.1) then they will be called a @-best
trimming set for X at level « and an impartial trimmed @-mean of X at
level =, respectively.

The word “impartial” means that it is the random variable X itself which
provides the best way of trimming it.

The problem can be stated in a more general way by using “trimming”
functions instead of trimming sets. A trimming function for X at level
« is a f-measurable map t: R"— [0, 1] satisfying [ t(X)dP>1—« The
trimming functions explain the degree of participation of each point for
“trimming” the r.v. X. When we are working with trimming sets, each
point either participates completely or does not participate at all in the
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construction of the approximation to X. On the other hand when we are
handling trimming functions, all possible halfway degrees of participation
are available.

Now the problem is to select a 1o T and a value mye R” such that

1
Trm ap ) o) 21X = mol) P

inf inf !
= 1 —_—
te€T meR" _“T(X) dP

[ «x0) @(1 ~ml)) aP, (13)
where T denotes the class of trimming functions for X at level a.
Obviously Ize T for every Borel set B with P, (B)>1-—«, hence the
approximation obtained through trimming functions could be better than
the one obtained through trimming sets.
If for fixed te T, P} denotes the probability on (R”, ") given by

_Jat(x)dP,

= f () dP forall Aep”,

P(4)

analogously to (1.2) we have

WJTO(X) @(”X—mH)dP:J¢(|\x—m||)dp;o’

so the solutions of

1
Tegpyap] o) 2K —mal) ap

1
= ol Ty ap | o) PUIX D) ap
are the @-means of P2.

If o and m, are a solution of (1.3) then 7, will be called a ®-best
trimming function for X at level o, and m,, as above, an impartial trimmed
@-mean of X at level a.

Among the different methods for obtaining best approximations to X
based on trimming procedures we also consider those corresponding to
L -norms: Choose a set Bye " with P(Xe€ By)> 1 —a and a value m,e R"
verifying

esssup ||[X —mg| = inf inf esssup | X —m|. (14)
XeBp Bep" meR* xep



APPROXIMATIONS BASED ON TRIMMING 165

If B, and m, are a solution of (1.4) they will be called a L -best
trimming set for X at level a and an impartial Chebyshev center {CH-
center) of X at level o, respectively.

Analogously, if we work with trimming functions we try to obtain 7, and
m, such that

esssup | X —mygl = inf inf esssup || X —m], (1.5)

X e Sop(zg) teT meR" X e Sop(t)

where Sop(t) = {xe R"/t(x)>0}.

Now, if 7, and m, are a solution of (1.5) then 1, is called a L -best
trimming function for X at level «, and m, as above an impartial CH-center
of X at level .

The main goal of this paper is to prove that the balls provide the best
ways of trimming. In Section 3 we prove the existence of impartial trimmed
@-means and CH-centers at level o for every random variable X.
Moreover, we will prove that the indicator set functions of balls in R” are
essentially the @-best trimming functions, and the impartial trimmed
@-means will be characterized for being the centers of the balls defining the
@-best trimming functions. In Section 4 we study the real case, and we
obtain for r.v. X having a density, that unimodality 1s a sufficient condition
for assuring the uniqueness of the impartial trimmed @-means.

2. NOTATION

In this paper (Q, o, P) is a probability space, X is a R"-valued random
variable defined on (£, o, P), " is the Borel g-algebra on R” and P, is the
probability measure induced by X on (R, ). With || | we will denote the
usual norm on R", and for me R" and r >0, B{(m, r) will be the open ball
centered at m and with radius . Moreover, for a set B R*, B denotes its
closure and B¢ its complementary set.

From now on, &: R* - R* will be considered continuous, strictly
increasing, and such that @(0)=0.

For e (0, 1), 7= T(a, X) denotes the set of trimming functions for X at
level a, ie.,

| )
T=T(o, X) = {r: R = [0,1] measurable/ j (X)dP>1— cx}.
Also, for f<a, with T; we denote the subset of T given by

T,;:{reT/jf(X)dpzi_ﬁ}.
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The minimum values in (1.3) and (1.5) will be denoted by ¥V (X) and
V2 (X), respectively.

It is obvious that V% (X) < o for every &, «, and X; in fact, taking a ball
B=B(0, r) such that P.(B)>1—a we have

V;g;x—l(—B—) [ 1) @(1X1) dP < B(r) < o0,

and analogously V% <r<co.

3. EXISTENCE OF IMPARTIAL TRIMMED @®-MEANS

In this section we will need some additional notation: For fixed me R”
and f<a, rg(m) will be the radius of the smallest open ball centered at m
and verifying P (B(m, ry(m)))<1— <P (B(m, rg(m))). Moreover, 1,
will denote a trimming function in 7, verifying

L gm, ryomy) S Tom, 5 < Bom, rgiomy) -

LemMMA 1. Let me R", B<a, and B= B(m, rg(m)). Then
(@) [T p(X)P(IX—m|)dP<[t(X)D(|X—m|)dP for all te T,
(b) The equality holds in (a) if and only if Iz<t<Igzae. P,.
Proof. Take te T and note that

Tmp(X)(1—1(x))=0  forall x¢B (3.1)
j T g X)(1 — (X)) dP = j T(X)(1 =1, (X)) dP (32)
(x)(1 —1,,4(x))=0 forall xeB. (3.3)

Now, applying (3.1) to (3.3) successively we have

[ £ s X1 = 2(X)) DX~ m]) dP
<B(ry(m)) [ 1(X)(1=1,,,4(X)) dP (34)
= ®(ry(m)) [ ©(X)(1 —1,,(x)) dP

< [ 21—, (X)) B X m]) aP. (35)
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So we have
[ 20X X —ml}y dP = [ 1, 4(X) <) B(IX —m]) dP
[ 20 g 001 = 200) @(1X ] ) P
<[ T (X0 1) @(1 X — ) aP
+ [ 101 = 7, (X0) DX — ]y aP
= [ <(x) (X~ m1) aP;

moreover, the equality holds if and only if (3.4) and (3.5) are equalities.
Now, (3.4) is an equality if and only if

[ 2 g1 ~2(x)) aP =0
B
ie.,

[ 1=zt ap.=0,

ie.,

Iz<r, P.ae.

Analogously, (3.5) is an equality if and only if

| w1 =5, 400y @ =0,

B

ie.,
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Then, the equality holds in (a) if and only if I,<t<Iz P, ae. and the
proof is finished.

LeMMmA 2. Let me R" and f<o. Then

@) (1/(1 =) § tpolX) O(IX —m]) dP < (1/(1 = B)) | 1, p(X)
O(| X —ml]) dP.

(b) The equality in (a) holds if and only if r(m)=rs(m) and
P (B(m, r,(m)))=0.

Proof. First note that, for any « in (0, 1), if T and ¢" are in T, and
satisfy

Lo, ryomyy S T T S i, rmy)s

we have
[ ) @(1X ~ml) aP = [ <'(x) (X~ m]) aP.

Hence, without loss of generality, we can assume that t,, 4(X)>1,, (X)
P,-as.: In fact, for <o, it is always possible to choose 7,, ; and 7,, , such
that 7, ;<1,,, pointwise. Consequently

[ @30 = 2,0 X)) D(1X = m]) P
> B () [ (T p(X) = 1,,(X)) dP. (3.6)
Also we have
O(rm)) [ ol X) dP> [ 1, (X) DX —ml)dP.  (37)
Now, applying (3.6) and (3.7) successively we have
[ 2ol X) P [ (2,500 = ,,.X)) @(1 X~ m]) dP
> [ ©uX) dPB(r,(m) [ (2,,,5(X) _ (X)) dP

> [ alX) X = ml)) dP [ (2, 5(X) — 1,1,,(X)) dP.
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So we have
[ 2malX) 4P [ 1,,,,X) @(1X —m]) P
= [ 20l X) P [ 1,00 @(1X —m)) aP
[ o) AP [ (51, 5(X) = 0,0, (X)) DX —m]) 4P
> [ 2 X) dP [ 2, (X) DX — ] dP
+ [ 1l X) PUX =) P [ (2,1,5(X) = 7,,.o(X)) AP
= [ T (XY dP [ 2,,X) D(|X —m]) P

1e.,

(1-2) [ 2, (X) DX~ ml}) dP> (1~ ) [ ,,,.(X) S(1X — m]} dP.

Moreover, the equality in (a) holds if and only if (3.6) and (3.7) are
equalities.
Now, the equality in (3.6) holds if and only if

J— (T"”ﬂ(x) - Tm,a(x)) dPX =0
B¢

(where B= B(m, r,(m))) which holds if and only if r,(m) = r,(m).
Analogously, (3.7) is an equality if and only if

[ tmatx)aP, =0,
B
ie.,

P.(B)=0. |

ProPosITION 3. inf, 7 inf,,c g (1/ ©(X) dP) | o(X) @1 X ~ mlj) dP =
inf, e gr (1/(1 —a)) § 7, .(X) @(| X —m]|) dP.

640/64/2-4
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Proof. Let 1eT and me R". Applying successively Lemma2 and
Lemma 1 we obtain

[ 20N) BX—m]) dP <
—

1 o(X) @(|1X ~ m]) dP

1
jT(X)dPJ

hence Proposition 3 holds. ||

The above result will be very useful for proving the existence of impartial
trimmed @-means.

THeOREM 4 (Existence). Let X be a r.v. defined on (2, 6, P) and valued
in R”. Let ae(0,1) and let @: R* - R* a continuous strictly increasing
Junction such that ®(0)=0. Then there exists an impartial trimmed ®-mean
of X at level a.

Proof. From Proposition 3 we can take a sequence {m,} < R" such
that

1
=5 | a0 OUX =m, ) APV, (38)

To simplify the notation we will denote, for every ne N,
T,=1T r,=r4(m,), and B, = B(m,, r,).

nT tmpat

It is easy to see that {m,} and {r,} are bounded sequences and, there-
fore, we can obtain convergent subsequences which we denote as the initial
ones.

Hence we have

m, ——— myE R" and r,———— roeR™.
n— o0 n— o0

Let us denote B, = B(my, r,), i.c., the limit ball. Note that
I5(X) <lim 7,(X) <lim 7,(X) < Ip,

hence Fatou’s Lemma implies that
j I5,(X) dP< j lim 7,(X) dP<1— o< j Tim ©,(X) dP < j I5(X) dP,

ie.,

ro=r,(mg) and By = B(m,, ry).
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Let us denote 15=1,,,,. We will prove that 7, and m, satisfy

frn(X) ¢(|}X—mnH)dP—Jfo(X) (| X —mp|) dP|———— 0  (3.9)
which implies that
1
T‘_—afto(X)Qj(l}X—mo”)dP:V;

It is obvious that

J 200 @1 =) dp = [ () @11 o) P
= ] [ @3y @1 = m, 1) = 7(X) @(\|X~mo||)>dP[
= ‘ [ 2 O@UX = m,1) = D(1X = mo])) P
+ [ (£(X) = 26(X)) DX —mol) dP|

<

ffn(X)(¢(||X~mnH)— D(| X —mol ) dP{

f
| ] (a0 = 54(0)) @01~ mol) P
= A’l + K)’I >
hence it suffices to prove that the sequences {4,} and {K,} converge to 0.

Since @ is uniformly continuous on the compact set [0, sup,r,], we
have

A= | [ 2 @Y —m, ) = DX = mol))) dP

<f T (X) [P X —m,||) — DX — mol )| 4P
<(1—a) sup |D(|X —m,|) — PIX —mo|)| — =% O
XeB,

Let us denote C,= {x/1,(x)>1o(x)} and D, = {x/1,(x)<7o(x)}. We
have
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0= (z,(x) — 7o(x)) dP,

Il

[ @) = wex) dP | (o)~ wulx)) P
and then

J @)= () -T)dP. (310)

Cn

Now, taking into account that C, < B5n B, and D, = B, n B¢ for every n,
we have

D(ry) < D(|x —my| ) S D(r, + ||Im,, —my||) forall xeC, (3.11)
and

D(r) > B(|x —mol) > B(r, — |m,—mg||)  forall xeD,. (312)
So applying (3.10) to (3.12) we obtain
[ (2.0 = 20(X)) D(1X = m]) dP
=] @0 = 20(x)) (lx—mal) P
=], (G0lx)=7,(0) @(lx—mol) P
> ®(r) | (2,06) ~o(x)) P,
= 0(r0) | (x(x) —7,(x) 4P, =0,
hence applying once more (3.10) to (3.12) we obtain
K,= l [ @)= zo(20)) @(1X = moll) ap

= [ (@0 = 1o(X)) @(1X — o) dP
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=| () = 7ol)) B(x—mo]) P

=] (o) =) (= mol) P

<@l + lm,—mol) | (2x) = wo(ax)) P

= 0(r,— lm,—mol) | (zo(x) = 7,(x)) 4P,

< ¢(rn + Hmn_mOH)_ ¢(rn— ”mn_mOH)Tw_’ O’

and the proof is complete. J

As a consequence of Lemma 1 we obtain a very important relationship
between the impartial trimmed @-means and the &-best trimming func-
tions:

THEOREM 5. Under the hypotheses of Theorem 4, if 1, and m, are a
solution of (1.3) and B = B(my, r,(mg)) then

Ig<1y< 5, P.ae. (3.13)

Proof. On the contrary, suppose that (3.13) is not true. Then
Lemma 1(b) implies that

[ £ o0 @UX = mo])) dP < [ 5o(X) D(IX = mo]) dP

0 (14, M) cannot be a solution of (1.3). f§

COROLLARY 6. Under the hypotheses of Theorem S, if P, is absolutely
continuous with respect to the Lebesgue measure on R", then

Ig=1,, P ae

Definitively we have proved that the balls provide the best ways of
trimming random variables. Therefore, roughly speaking, the search of the
best trimming sets and functions can be restricted to the balls and the
indicator set functions of the balls, respectively, Moreover we know that
there exists a double relationship between the impartial trimmed &®-means
and the @-best trimming functions: The impartial trimmed @-means of X
at level o are the centers of the balls defining the &-best trimming functions
for X at level « and also the @-means of P, “restricted” to such balls.
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All the results in this section are true in the case of L -approximation
and the proofs are obvious. In fact these results become:

LemMMa 1. Let meR", f<a, and B= B(m, rg(m)). Then

(a) €SS SUPxe sop(enp | X — Ml < €88 SUP xe sop(r) | X —mi for all 1€ Ty.
(b) The equality holds in (a) if and only if 1< Iz ae. P,.

LemMMA 2'. Let me R" and <. Then

(a’) €ss SupXe Sop(tm,a) “X_ m“ S €SS SUp y . Sop(tm, g) ”X_ m”
(b) The equality in (a) holds if and only if r,(m)=rs(m).

PROPOSITION 3", inf, . ,inf,, . g €8S SUP y ¢ sop(ry | X — m| = inf,,  ge 7, (m).

THEOREM 4’ (Existence). Let X be a r.v. defined on (Q, o, P) and valued
in R" and let a € (0, 1). Then there exists an impartial trimmed CH-center of
X at level a.

THEOREM 5. Under the hypotheses of Theorem4', if t, and m, are
solutions of (1.5) and B= B(my, r,(my)) then

To< 15, P, ae.

COROLLARY 6&'. In the hypotheses of Theorem5', if P, is absolutely
continuous with respect to the Lebesgue measure on R", then

Iz=r1,, P, ae.

Remark 7. The advantages of working with trimming functions instead
of trimming sets are very important:

(i) Obviously, sometimes there do not exist Borel sets with
P _-measure exactly 1 —a.

(ii) There exist random variables whose ®-best trimming sets are
neither a ball nor a convex set.

ExampPLE. Let X be a real valued random variable such that
P[X=0]=1/2, P[X=1]=3/8, and P[X=6/5]=1/8. Let «=3/8 and let
@(t)=1% It is easy to see that the ®-best trimming sets for X at level «
have to contain {0, 6/5} and 1 cannot belong to them.

(iii) The @-best trimming set has no universal bound.
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ExaMpLE. Let X be a real vaiued random variable with the probability
law given by

P[X=a]=e""!
P[X=k]=c Yk, k=1,2,..

For a=¢"! and &(t)=1> we can see that for a— —oc the ®-best
trimming sets for X at level a have to contain {1,2, .., o0 }.

Remark 8. For random variables with the probability law absolutely
continuous with respect to the Lebesgue measure on (R” §”), trimming
functions and trimming sets provide the same results.

Remark 9. 1f we consider the case « =0 then the best approximations
obtained are the @-means of X. The case a =1 has no sense; however, we
can study what does happen for « —» 1. Let {a,} = (0, 1) such that o, — 1.
For every n2 1, let m,, be an impartial trimmed @-mean (resp. CH-center)
of X at level «. Suppose that m is an accumulation point of {m,, n2>1}. It
is easy to see that:

(i) £S={xeRY/P[X=x]>0}+# then meSS.
(ii) If P, has a density f then f(m)> f(x) for all xe R".

4. UNIQUENESS IN THE CASE OF REAL VALUED RANDOM VARIABLES

Throughout this section X is a real valued r.v. defined on (2, ¢, P) with
distribution function F. Moreover we will suppose some additional condi-
tions for the function @:

@ has a derivative P(t) = % d(1) (4.1)
o d
¥ has a derivative ¥'(1) = p ¥(1). (4.2)

Since @ is strictly increasing, hence ¥(z) >0 for every te R™.
For every me R, (I{(m), u(m)) will denote the shortest interval centered at
m (m=({(m)+ u(m)})/2) and verifying
P ((lm), u(m))) <1 —a < P([{(m), u(m)]).

Because of Theorem 5, if m is an impartial trimmed @-mean of X at level
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o then the interval ({(m), u(m)) defines the ®-best trimming functions
associated to m; ie., if (t, m) is a solution of (1.3) then

Loy, uem) S TS piimy umyy,  Pr 2L (4.3)

We will prove that such ®-best trimming functions are essentially equal;
ie., for m being an impartial trimmed @-mean of X at level «, there exists
essentially a unique @-best trimming function such that

1
l_ajr(X) O(X—m])dP=V"2.

ProrosiTiION 10.  Let m be an impartial trimmed d-mean of X at level a.
If 1, and ©, are D-best trimming functions for X at level o satisfying (4.3)
then

TI=T2, Px a.e.

Proof. Since

jri(x) qs(|x—m|)dpx=minjr,.(x) &(lx—m|)dP,, i=1,2

hence

Jr,.(x) W(|x —m|)sign(x —m)dP, =0, i=1,2
and then

[ @10 = 2a(x)) (1 — ) sign(x — m) P, =,
ie.,

(2:(lm)) — 75(l(m))) PLX = U(m)] = (z,(u(m)) — 12(u(m))) P[X = u(m)].
Hence at least one of the following is true:
(@) (l(m))=7,(l(m)) and t,(u(m)) =t (u(m))
(b) 7,(l(m))=7,(l(m)) and P[X =u(m)]=0
(¢) ti(u(m))=r,(u(m)) and P[X=1(m)]=0
and then
T, =1,, P.ae. |1

As a consequence of the above proposition we have the following result
about the interval defining a @-best trimming function for X at level «:
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CoROLLARY 11. Let m be an impartial trimmed d-mean of X at level a.
Then at least one of the following is true:
(a) PlXe((m),uim))]=1—a
(b) PLXe [l(m), u(m)]]=1—a
(c) P[X=Im)]=0
(d) P[X=u(m)]=0.

Proof. In fact, if (a)-(d) are false then there exist trimming functions 1,
and 7, such that P [7,%#7,]>0 and

Lgomy,uimn S T T2 S pigmy,umyy Px 2€
which contradicts Proposition 10. |

Remark 12. The above results are not true for impartial trimmed
CH-centers. Counterexamples with discrete random variables are obvious.

Remark 13. We conjecture that analogous results are true for
R*-valued random variables; i.e., for each impartial trimmed @®-mean of X
at level o there exists essentially a unique @-best trimming function and,
therefore, the ball B defining such a @-best trimming function satisfies one
of the following:

(a) P[XeB]l=1-—u

(b) P[XeBl=1—a.

(¢) There exists x,e Bd(B) such that P[Xe Bd(B}]=P[X=1x,],
where Bd(B) denotes the boundary of B.

Now the goal is to prove that for real valued random variables X having
a density function f, unimodality is a sufficient condition for the uniqueness
of the impartial trimmed &-means and CH-centers.

THEOREM 14 (Uniqueness). Let X be a real valued rv. X defined on
(82, o, P), with distribution function F having a differentiable density f which
is unimodal and satisfies f(x)>0 for all xe R. Let a€(0, 1}. Then:

(a) For every convex and strictly increasing function @ with &(0)=0
and satisfying (4.1) and (4.2), there exists a unigue impartial trimmed
G-mean of X at level o.

(b) There exists a unique impartial trimmed CH-center of X at level a.

Proof. From Proposition 3 the impartial trimmed &-means of X at
level o are the solutions of

[ @e—mi) sy ar= 3,

2m — u(m)
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with u(m) the solution of
Fu(m))— F2m—u(m))=1—aqa.
Let us denote

V=" @(t—ml) fle)

2m —u(m)

we will prove that there is a unique solution of V'(m)=0.
By deriving in (4.5) we obtain

Vi(m) = &(lu(m) —m]) f(u(m))u'(m)
— ®(|m —u(m)]) f(2m —u(m))(2 —u'(m))

_ ju(m) W(|t—m|) sign(i—m) f(£) dt.

2m — u(m)
Moreover, by deriving in (4.5) we have
u'(m) flu(m))=(2—u'(m)) f(2m —u(m))
and then

V'(m) = —j“('") W(|¢— ml) sign(t— m) f(t) dt.

2m — u{m)

(4.4)

(4.5)

(4.6)

(4.7)

Let M be the mode of f Since f(M)> f(u(M)) and f(M)>
f@M —u(M)) hence f(m)> f(u(m)) for me(M,, M) and f(m)>

f(2m—u(m)) for me (M, M,) being

M, =inf{m < Mjf(m)> f(u(m))}
and
M, =sup{m>M/f(m)> f(2m —u(m))}.
In the following we outline the proof in four steps.

Step 1. V'(m)<O0 for m< M,.
In fact, applying a trivial change of variable we obtain

V'(m) = f"(m) W(|1—m]) sign(t—m) f() dt

2m — u{m)

=jm W(m—1) £() dz—f"(m) W(t—m) f(1)dt
2m — u(m) m

= *r(m) P(t—m)(f(¢)— f(2m—1)) dt <O.

m
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Step 2. V'(m) is strictly increasing for me [M,, M ]

In fact, by deriving in (4.7) and applying again (4.6) we obtain

. 4f (ulm)) £(2m —ul(m))
Vim) = =) =m) 2 + f (e — a(m))
+J-u("")

2m — u(m)

P([t—ml|) f(1) dt

B (Flulm) — fQm — u(m)))?
= ) =) = m)) + F 2 — ()

—J"(m) (|t —m|) sign(t —m) f'(¢) dt
2m — u(m)

() — f2m — u(m)))?
= ) =) ) + f (2 — ulm)
+f

2m — u(m)

P(m—1) f(¢) dz—Jf”(M) Wt —m) ['(1) dr

Note that the unimodality of f implies that f'(x)} > 0 for every x < M and
J{x)<0 for every x > M. Then, it suffices to prove that the last integral is
negative.

Finally, applying once more the unimodality of f taking intc account
that ¥ is increasing we obtain the inequalities

[ wte=m) 70y des W= my 73 - £

and

f:m) (1 —m) (1) dt < (M —m)(fu(m)) — (M)

< V(M —m)(f(m)— f(M))
which imply

m

[ we—m) frya=[" wie—m s+ [ we—m) 0 de <o

With similar techniques we can see that:

Step 3. V'(m) is strictly increasing on [ M, M,].

Step 4. V'(im)>0for m>M,.
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Then there exists a unique solution of V'(m)=0 and the proof of (a) is
finished.

For proving (b) note that the impartial trimmed CH-centers of X at level
o are the solutions of

um)—m="V?

with u(m) the solution of (4.4).
Let us denote V., (m)=u(m)—m. From (4.6) we have

_f(2m —u(m)) — f(u(m))
J@m—u(m)) + f(u(m))

and the unimodality of f assures the uniqueness of the solution of
V' .(m)=0. Moreover, such a solution is characterized by verifying

flu(m))=f(2m—u(m)). 1

Remark 15. 1If the condition “f(x)>0 for all xe R” is removed, then
Theorem 14 is also true. In the proof, some caution with the points where
V’(m) is not defined is necessary.

V' (m)=u'(m)—1
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